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Motivated by convection of planetary mantles, we consider a mathematical model
for Rayleigh-Bénard convection in a basally heated layer of a fluid whose viscosity
depends strongly on temperature and pressure, defined in an Arrhenius form. The
model is solved numerically for extremely large viscosity variations across a unit
aspect ratio cell, and steady solutions for temperature, isotherms, and streamlines are
obtained. To improve the efficiency of numerical computation, we introduce a modi-
fied viscosity law with a low temperature cutoff. We demonstrate that this simplifi-
cation results in markedly improved numerical convergence without compromising
accuracy. Continued numerical experiments suggest that narrow cells are preferred
at extreme viscosity contrasts, and this conclusion is supported by a linear stability
analysis. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4923061]
I. INTRODUCTION
Steady Rayleigh-Bénard convection of an infinite Prandtl number Boussinesq fluid heated
from below in a rectangular box with stress-free boundaries has become a benchmark problem in
computational geophysics as a paradigm for convection in the Earth’s mantle. Assessments of the
mantle viscosity beneath the relatively rigid lithosphere indicate a relatively uniform viscosity of
about 1021 Pa s,1,2 and subsequent studies have not essentially altered that conclusion (e.g., Paulson
et al.3). Early studies of mantle convection therefore assumed a constant viscosity, and both numer-
ical and analytic studies appeared to give a satisfactory explanation for plate tectonic observations
on the Earth, for example, the lithosphere plates are identified with thermal boundary layers of the
convection cells.4–8
In reality, the effective viscosity of the mantle is a strong function of temperature, pressure, and
stress. The temperature and stress dependences are well documented experimentally; the pressure
dependence is less constrained, but reasonable estimates for all these dependences are available.9,10
The typical values of the parameters relevant to the Earth are given later in Table I. These values
suggest that the viscosity contrast across the mantle is of order 1050 or more. The parameter values
corresponding to other terrestrial planets also indicate that the approximate viscosity variation is of
orders 1020 (Venus) and 1050 or more (Mars).11–13 Boundary layer analysis and numerical experi-
ments show that temperature dependence of the viscosity leads to an extremely viscous, effectively
rigid, cold upper thermal boundary layer, which represents the lithosphere. The resulting “stagnant
lid” convection is unlike that seen in the Earth,14 and the active style of tectonics on Earth is
generally thought to be a consequence of weakening at high stress, due either to stress-dependent
viscosity or plastic yielding.15–21 Temperature dependence of the viscosity thus does not fully
capture the qualitative features observed in mantle convection in the Earth.
The effect in convection of viscosity depending strongly on both temperature and pressure
does not appear to have attracted the attention it deserves, either analytically or computationally.
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TABLE I. Typical parameter values for mantle convection.
Symbol Parameter Value Units
d Mantle depth 3×106 m
α Thermal expansion coefficient 2×10−5 K−1
ρ0 Reference density 4×103 kg m−3
κ Thermal diffusivity 1×10−6 m2s−1
g Gravitational acceleration 10 m s−2
Ts Surface temperature 300 K
Tb Basal temperature 3000 K
E Activation energy 300−525 kJ mol−1
V Activation volume 6×10−6 m3 mol−1
R Universal gas constant 8.31 J mol−1 K−1
A Viscous rate constant 105 MPa−1 s−1
Ra Rayleigh number 107–109
ε Viscous temperature number 0.042–0.083
µ Viscous pressure number 1.2–2.4
B Boussinesq number 0.06
θ0 Dimensionless surface temperature 0.1
This is undoubtedly due to the fact that, from both points of view, it is a very difficult problem.
Confronted with the goal of computing convective solutions with viscosity varying by factors
in the region of 1050, the challenge is to approach such extreme contrasts sufficiently that the
correct limiting asymptotic structure is reached. Very early attempts foundered on the compu-
tational difficulty which extreme viscosity contrasts caused. In the 1980s, Christensen and his
co-workers22–25 were able to compute models with viscosity contrasts up to about 106. Solomatov
and his co-workers were later able to extend these results up to viscosity contrasts around 1015.26–29
The influence of temperature and depth-dependent viscosity on convection has also been explored
in two-dimensional numerical experiments by Fleitout and Yuen,30 Doin et al.,31 and Stemmer
et al.32 in different forms.
In this paper, we present computational results for steady convection when the viscosity is an
Arrhenius function that depends extremely sensitively on both temperature and pressure. We start in
Sec. II by stating and normalising the governing equations and boundary conditions. In Sec. III, we
describe our computational approach and validate our method through comparison with benchmark
values from the literature. We then present preliminary numerical results which demonstrate that
the inclusion of pressure dependence profoundly changes the flow structure compared with purely
temperature-dependent results. Surprisingly, large viscosity variations, by a factor of up to 1030, are
required to observe the new flow regime, which perhaps explains why it has not previously been
observed. To facilitate the study of such extreme cases, in Sec. IV, we propose a cutoff viscosity
relation that alleviates the computational stiffness while retaining the sensitivity of the viscosity to
changes in temperature and pressure. This approach allows us to consider even higher viscosity
contrasts, and we show that the resulting flow breaks into increasingly narrow convection cells. This
observation is supported by a linear stability analysis. A discussion follows in Sec. V, and finally,
we draw our conclusions in Sec. VI.
II. GOVERNING EQUATIONS
A. Model equations and boundary conditions
We consider classical Rayleigh-Bénard convection in a two-dimensional rectangular cell of
depth d and width ad, with a fixed temperature difference between the horizontal boundaries.
This convective cell is assumed to be a part of a periodic structure in an infinite horizontal layer.
We adopt Cartesian coordinates (x, z) with the x-axis horizontal and the z-axis pointing vertically
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upwards. The governing equations ensure the conservation of mass, momentum, and energy, and are
completed by a suitable thermodynamic equation of state. We make the Boussinesq approximation
and neglect the inertia terms in the Navier–Stokes equations (taking the limit of infinite Prandtl
number), so that the governing equations read
∂u
∂x
+
∂w
∂z
= 0,
∂p
∂x
=
∂τ1
∂x
+
∂τ3
∂z
,
∂p
∂z
=
∂τ3
∂x
− ∂τ1
∂z
− ρg,
τ1 = 2η
∂u
∂x
,
τ3 = η
(
∂u
∂z
+
∂w
∂x
)
,
ρ = ρ0 [1 − α (T − Tb)] ,
∂T
∂t
+ u.∇T = κ∇2T,
(2.1)
where u and w are velocity components in the x- and z-directions, t is the time, p is the pressure,
τ1 and τ3 are the longitudinal and shear components of the deviatoric stress tensor, respectively, ρ is
the density, T is the absolute temperature, and η is the viscosity. The parameters in the model are the
gravitational acceleration g, thermal expansion coefficient α, basal temperature Tb, basal density ρ0,
and thermal diffusivity κ. We use the following constitutive relation for the viscosity:
η =
1
2A
 
τ21 + τ
2
3
(n−1)/2 exp E + pVRT

, (2.2)
where A is the rate factor, n is the flow index, E is the activation energy, V is the activation volume,
and R is the universal gas constant.
We impose free-slip boundary conditions on all boundaries and thermal insulation on the ver-
tical sides. The base and top of the cell are assumed to be at specified temperatures Tb and Ts,
respectively, so the boundary conditions are
w = 0, τ3 = 0, T = Tb on z = 0,
w = 0, τ3 = 0, T = Ts on z = d,
u = 0, τ3 = 0,
∂T
∂x
= 0 on x = 0,ad,
(2.3)
where d is the depth of the convection cell.
In addition to the assumptions noted above, we have also neglected internal heating and
isothermal compressibility; radiogenic heating may be significant but is not necessary, since basal
heating from the Earth’s core suffices to induce vigorous convection.33 We also treat the thermal
diffusivity as constant. It should be noted also that the assumption of a Cartesian geometry is not
appropriate for the mantle, but this is unlikely to make a substantial difference to the results.33
Throughout this paper, we will consider only Newtonian rheology, and we therefore set n = 1
henceforth.
B. Non-dimensionalisation
Following Fowler33 and Jarvis and Peltier,8 we non-dimensionalise as follows:
(x, z) = d(x∗, z∗), T = TbT∗, u = κd u
∗, η =
e(1+µ)/ε
2A
η∗ = η0η∗,
τ =
η0κ
d2
τ∗, ρ = ρ0ρ∗, t =
d2
κ
t∗, p = ρ0gd(1 − z∗) + η0κd2 p
∗.
(2.4)
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Governing equations (2.1) become, on dropping the asterisk decoration,
∂u
∂x
+
∂w
∂z
= 0,
∂p
∂x
=
∂τ1
∂x
+
∂τ3
∂z
,
∂p
∂z
=
∂τ3
∂x
− ∂τ1
∂z
− Ra(1 − T),
τ1 = 2η
∂u
∂x
,
τ3 = η
(
∂u
∂z
+
∂w
∂x
)
,
∂T
∂t
+ u.∇T = ∇2T,
(2.5)
while the dimensionless version of constitutive relation (2.2) (with n = 1) reads
η = exp

1 − T + µ

1 − z − T + Bp/Ra

εT
 . (2.6)
The remaining parameters in the model are defined by
Ra =
αρ0gTbd3
η0κ
, ε =
RTb
E
, µ =
ρ0gdV
E
, B = αTb, θ0 =
Ts
Tb
. (2.7)
Typical parameter values are given in Table I. For Ra ≫ 1, we can see that B/Ra can be easily
ignored, and viscosity relation (2.6) may therefore be simplified to
η = exp

1 − T + µ (1 − z − T)
εT

. (2.8)
Finally, the dimensionless versions of boundary conditions (2.3) read
w = 0, τ3 = 0, T = 1 on z = 0,
w = 0, τ3 = 0, T = θ0 on z = 1,
u = 0, τ3 = 0,
∂T
∂x
= 0 on x = 0,a.
(2.9)
Our complete dimensionless model consists of governing equations (2.5), constitutive relation
(2.8), and boundary conditions (2.9).
C. Viscosity contrast, Nusselt number, and root mean square (RMS) velocity
We now define three useful diagnostic quantities which will be used to characterise the numer-
ical results found below. First, we define the viscosity contrast ∆η to be the ratio between the
surface and basal values of the viscosity, that is,
∆η = exp
(
1 − θ0 − µθ0
εθ0
)
. (2.10)
Second, the Nusselt number Nu measures the ratio of the average surface heat flow from the
convective solution to the heat flow due to conduction alone and is calculated by
Nu = − 1
a(1 − θ0)
 a
0
∂T
∂z
(x,1) dx. (2.11)
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Finally, the vigour of the circulating flow is characterised by the non-dimensional RMS velocity,
defined by
Vrms =
 1
0
 a
0
 
u2 + w2

dx dz
1/2
. (2.12)
III. NUMERICAL INVESTIGATION
A. Computational method
We used the finite element based PDE software Comsol Multiphysics to solve numerically
the dimensionless equations derived in Sec. II. Lagrangian triangular elements were used for the
laminar flow and the heat equation (quadratic elements for u, w, T and linear elements for p). We
used extra fine meshing for the whole domain with refinement near the boundaries (200 × 200)
which results in a complete mesh of 17 180 elements with 115 276 degrees of freedom (Ndof). For all
cases, the same convergence criterion was applied, namely,
*.,
1
Ndof
Ndof
i=1
|Ei |2+/-
1/2
< ϵ, (3.1)
where Ei is the estimated error in the current approximation to the ith component of the solution
vector and ϵ = 10−6.
To validate our model, we compared the computed values of Nusselt number Nu and root mean
square velocity Vrms with benchmark values from Blankenbach et al.34 and Koglin, Jr. et al.35 for the
constant viscosity case, using a = 1. Their values were computed for Ra up to 106 and 107, respec-
tively. The comparison is shown in Table II, where we can observe that the agreement is within a
very good range. In this present work, we have successfully computed the values of Nu and Vrms for
Ra = 108 and Ra = 109, and we present these also in Table II. For the case of temperature-dependent
viscosity, we compared our results with King36 and likewise obtained excellent agreement with
errors less than 0.05%.
B. Results
We first solve model problems (2.5), (2.8), and (2.9) in a unit aspect ratio cell (a = 1) using the
computational method outlined above. In all the results shown in this section, we fix a large value of
the Rayleigh number Ra = 107 and the dimensional surface temperature θ0 = 0.1.
In Figure 1, we demonstrate the significant effects of including pressure dependence in viscos-
ity relation (2.8). The left-hand panels (a) and (c) show temperature profiles in the convecting cell
with µ = 0 so that the viscosity depends only on the temperature. In the right-hand panels (b) and
(d), we show the corresponding results when pressure dependence is included, with µ = 1. In each
plot, the blue region indicates a cold thermal boundary layer at the top of the cell, where the fluid
TABLE II. Comparison of Nusselt number Nu and RMS velocity Vrms with benchmark values from Blankenbach et al.34
and Koglin, Jr. et al.35
Nu Vrms
Ra This work Benchmark Error (%) This work Benchmark Error (%)
104 4.884 47 4.884 409 0.001 42.865 56 42.864 947 0.0016
105 10.534 31 10.534 095 0.002 193.218 59 193.214 54 0.002
106 21.972 99 21.972 465 0.002 834.013 19 833.989 77 0.0028
107 45.639 39 45.62 0.04 3 633.386 85 . . . . . .
108 95.572 20 . . . . . . 16 157.877 30 . . . . . .
109 201.312 45 . . . . . . 72 930.103 52 . . . . . .
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FIG. 1. Thermal distributions of a temperature-dependent viscosity convection ((a) and (c)) and a temperature- and
pressure-dependent viscosity convection ((b) and (d)) at different viscosity variations for θ0= 0.1 and Ra= 107. (a)
ε = 0.195, µ = 0, ∆η = 1.1×1020; (b) ε = 0.195, µ = 1.0, ∆η = 6.6×1017; (c) ε = 0.1303, µ = 0, ∆η = 9.9×1029; and (d)
ε = 0.1303, µ = 1.0, ∆η = 4.6×1026.
is extremely viscous and forms an effectively rigid lid. Both with and without pressure dependence,
the thickness of the lid increases as the viscosity contrast gets larger. However, in the rest of the cell,
the differences between the left and right-hand panels are striking.
When µ = 0, so the viscosity depends only on temperature, the fluid is roughly isothermal
outside the lid and thin thermal boundary layers on the base and sides of the cell. The presence of
an isothermal core eliminates the extreme viscosity contrast in the bulk flow. However, when µ = 1,
it is no longer possible for the bulk flow to be both isothermal and isoviscous. Instead, we observe
in panels (b) and (d) the emergence of a quite different characteristic flow structure, with relatively
warm (yellow) upper core separated from a cooler (green) lower core. The upper core is fed by hot
fluid from a thermal boundary layer at the base of the cell, while the lower core is fed by cooler fluid
from the lid. The average temperature in the cell is significantly lower when pressure-dependence
is included, with hot fluid confined to the basal thermal boundary layer and the plume on the left
boundary x = 0.
In Figures 2 and 3, we illustrate the effects of varying the sensitivity of the viscosity to pressure
while choosing the value of ε to keep the net viscosity contrast constant. In Figure 2, we plot the
temperature distributions at viscosity contrasts of 1020 and 1030 with µ = 0.5 and µ = 1.0. Panels
(a) and (c) show the distributions for µ = 0.5, which appear very similar to those for the purely
temperature-dependent viscosity, although one can detect an emergent cold plume descending on
the right boundary x = 1. With µ = 1.0, this plume has developed into a relatively cold lower core
near the bottom right-hand corner of the cell, while the effect of relatively warm fluid from the
base is confined to an upper core region near the top left corner of the cell. Both of these features
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FIG. 2. Thermal distributions with different viscosity contrasts ∆η = 1020 and 1030 and different pressure sensitivities
µ = 0.5 and 1.0, in a square cell with θ0= 0.1 and Ra= 107. (a) ∆η = 1020, µ = 0.5, ε = 0.1846; (b) ∆η = 1020, µ = 1.0, ε =
0.1737; (c) ∆η = 1030, µ = 0.5, ε = 0.123; and (d) ∆η = 1030, µ = 1.0, ε = 0.1158.
become increasingly pronounced as the viscosity contrast increases, as seen by comparing panels
(b) and (d).
The corresponding streamlines are presented in Figure 3. These are defined as contours of the
streamfunction ψ(x, z), defined such that
u = −ψz, w = ψx. (3.2)
In each case, the absence of streamlines at the top indicates the presence of a stagnant lid, but the
overall convection pattern changes markedly as the pressure dependence of the viscosity becomes
more important. In panel (a), where the pressure sensitivity and the net viscosity contrast are both
relatively small, the flow resembles the purely temperature-dependent case, with a single large
convection cell and corresponding approximately isothermal core. In contrast, panel (d) shows that
with significant pressure dependence, the convective flow is concentrated in the upper core region.
The values of ψ indicated on the contours indicate that the convection is much less vigorous in panel
(d) than in panel (a), especially in the lower core region near the bottom right corner.
IV. LOW TEMPERATURE CUTOFF VISCOSITY
A. Motivation and validation
The computational problem becomes prohibitively stiff with further increase of the viscosity
contrast. However, to obtain simulations relevant to the Earth, extremely high viscosity contrasts
are necessary: the representative parameter values given in Table I suggest that ∆η may be 1050 or
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FIG. 3. Flow streamlines with different viscosity contrasts ∆η = 1020 and 1030 and different pressure sensitivities µ = 0.5
and 1.0, in a square cell with θ0= 0.1 and Ra= 107. (a) ∆η = 1020, µ = 0.5, ε = 0.1846, (b) ∆η = 1020, µ = 1.0, ε = 0.1737,
(c) ∆η = 1030, µ = 0.5, ε = 0.123, and (d) ∆η = 1030, µ = 1.0, ε = 0.1158.
larger. Computations have been performed previously for variable viscosity contrasts up to 1014,26,37
but surprisingly, this is not sufficient to establish a clear asymptotic limit for the flow. Figures 2
and 3 illustrate how, when the Rayleigh number is large and pressure dependence is included, a
distinctive flow structure emerges as the viscosity contrast ∆η increases; however, this new regime
only starts to become fully evident when ∆η is as large as 1030. As will be demonstrated below,
significant qualitative changes to the flow structure continue to occur as the viscosity contrast is
increased yet further.
To overcome the difficulties associated with such extreme viscosity contrasts, we employ a
trick based on the fact that, as in strongly temperature-dependent viscous convection, most of the
viscosity variation occurs in a stagnant lid in which the velocity is essentially zero. We can thus
calculate the sub-lid convection field accurately by cutting off the dimensionless viscosity at a
sufficiently high value that the lid thickness, which essentially only depends on the interaction of the
lid temperature with the underlying convecting flow, is unaffected.
We therefore propose a low temperature cutoff viscosity of the form
η =

exp [M/ε] M ≤ ε log 10r ,
10r M > ε log 10r ,
(4.1)
where
M =
(1 + µ)(1 − T) − µz
T
, (4.2)
and the cutoff viscosity value 10r is to be chosen appropriately; in numerical experiments, we found
that r = 6 gives a good compromise between accuracy and stiffness. This type of Arrhenius law
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TABLE III. Nusselt number Nu and RMS velocity Vrms computed for convection with full-form viscosity function (2.8) and
with cutoff viscosity function (4.1) at Ra= 107 and θ0= 0.1.
Full form η Cutoff η
∆η µ ε Nu Vrms Nu Vrms
1010 0.5 0.369 8.040 68 999.777 5 8.044 91 999.925 5
1.0 0.3474 9.313 42 1186.364 2 9.315 93 1186.309 4
1015 0.5 0.246 6.951 03 892.717 2 6.953 66 892.744 6
1.0 0.2316 8.172 41 956.394 8 8.173 39 956.185 65
1020 0.5 0.1846 6.256 93 804.509 8 6.259 07 804.453 23
1.0 0.174 6.896 53 614.437 14 6.896 70 614.081 43
1025 0.5 0.1477 5.752 59 720.340 9 5.754 48 720.190 3
1.0 0.139 5.496 56 317.904 07 5.496 74 317.697 97
1030 0.5 0.123 5.349 14 634.447 0 5.350 85 634.186 88
1.0 0.1158 4.921 33 273.324 3 4.923 40 273.454 68
with an imposed cutoff viscosity was applied by Huang et al.,38 Huang and Zhong,39 and King36
but none of them was applied to a temperature- and pressure-dependent viscosity. We emphasise
that this trick enables numerical solution of the model, without compromising the extreme viscosity
variations which we seek.
To validate this proposed approximate solution approach, we compare in Table III values of
the Nusselt number and the RMS velocity calculated using full viscosity function (2.8) and us-
ing cutoff viscosity function (4.1). It is evident that the agreement is uniformly excellent, with a
relative error less than 0.06% throughout. Further validation is provided in Figure 4, where we
show computed isothermal contours and viscosity distributions for the parameter values θ0 = 0.1,
Ra = 107, ε = 0.1158, and µ = 1.0, corresponding to a viscosity contrast ∆η = 1030. Panels (a) and
(c) show the results computed using full viscosity function (2.8), while panels (b) and (d) show the
corresponding results when piecewise viscosity function (4.1) is used. The qualitative and quantita-
tive agreements are again excellent. Although the full viscosity increases 1030 in the lid, the cutoff
value of 106 is already high enough for the fluid to become effectively rigid and therefore immobile.
It is again worth emphasising that, although our solution method has effectively limited the
computed dimensionless viscosity to a maximum value of 106, the solutions shown in Figure 4 are
completely different from what would be obtained with an actual surface to base ratio of ∆η = 106.
At small values of ε, it is the extreme sensitivity of η to variations in T and z in the bulk flow
that determines the observed structure, while the very high values of the viscosity attained in the
lid are found to be unimportant. For example, it is clear in Figure 4 that the bulk fluid is far from
isoviscous, and this occurs only when ε is sufficiently small, regardless of the cutoff chosen to limit
the value of η in the stagnant lid.
B. Narrower convecting cells
Reassured that computations with cutoff viscosity function (4.1) accurately describe the convec-
tive flow, we are now able to compute solutions with higher viscosity contrasts corresponding to
smaller values of ε. We performed a series of computations in which ε was gradually decreased
while holding the other parameter values constant at θ0 = 0.1, Ra = 107, and µ = 1.0. These numer-
ical experiments revealed that convection in a square cell becomes unstable at a critical value of
ε ≈ 0.1105, corresponding to a viscosity contrast ∆η ≈ 2.77 × 1031. As ε decreases through this crit-
ical value, the convective flow breaks into a three-cell structure. The resulting temperature distribution
and streamlines at ε = 0.1105 are shown in Figure 5, and we found that this three-cell pattern per-
sists and is stable as ε is decreased further. This revelation leads us to hypothesise that the system
copes with increasing sensitivity of the viscosity to temperature and pressure by restricting the flow
to increasingly narrow convection cells.
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FIG. 4. Comparison of solutions from full-form viscosity model ((a) and (c)) and cutoff viscosity model ((b) and (d)) for
θ0= 0.1,Ra= 107, ε = 0.1158, µ = 1.0. ((a) and (b)) Isothermal contours, ((c) and (d)) distribution of log10η.
Following this idea, we were able to decrease ε even further and compute solutions with
even higher viscosity contrasts by simultaneously decreasing the aspect ratio of the cell. Again
fixing θ0 = 0.1, Ra = 107, and µ = 1.0, we found that in a 1:3 cell, stable steady solutions could
be computed for ε as low as 0.085, corresponding to a viscosity contrast ∆η ≈ 7.5 × 1040. For yet
smaller values of ε, stable solutions could only be found by further decreasing the cell aspect ratio.
In a 1:4 cell, for example, we solved the problem for values of ε down to 0.077 (corresponding to
∆η ≈ 1.3 × 1045), and in a 1:5 cell, we obtained solutions for ε = 0.065 (∆η ≈ 2.8 × 1053).
FIG. 5. Three-cell convection pattern with θ0= 0.1, Ra= 107, ε = 0.1105, and µ = 1.0. (a) Temperature distribution and (b)
streamfunction contours.
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FIG. 6. Temperature distribution and streamfunction contours in cells with different aspect ratios. The parameter values are
θ0= 0.1, Ra= 107, µ = 1.0, and ((a) and (d)) 1:3 cell with ε = 0.085; ((b) and (e)) 1:4 cell with ε = 0.077; ((c) and (f)) 1:5
cell with ε = 0.065.
The resulting temperature profiles and streamlines in cells of aspect ratios 1:3, 1:4, and 1:5 are
plotted in Figure 6. Other than being compressed in the x-direction, the flow patterns in each case
are strikingly similar to the 1:1 cell patterns observed above in Figures 2(d) and 3(d), for example.
Below a stagnant and noticeably sloping lid, there is a rapidly circulating and relatively warm upper
core, fed by a hot plume climbing the left-hand boundary of the cell. The somewhat cooler lower
core is in turn fed by a descending plume from the cold lid. In all cases, the bulk fluid is neither
isothermal nor isoviscous, and the flow patterns are completely different from results for purely
temperature-dependent viscosity, as shown in Figures 1(a) and 1(c).
These results demonstrate that the preferred convection cell aspect ratio decreases as ε de-
creases, and the values found suggest that the cell width a (given unit cell height) should scale with
ε. We recall that the initial breakdown of a unit aspect ratio cell occurs at ε ≈ 0.1105, and that a
three-cell pattern is then preferred, corresponding to a = 1/3 ≈ 3ε. This scaling law is also approx-
imately obeyed in the solutions found above with a = 1/4 and a = 1/5. We therefore hypothesise
that, everything else being equal, the system prefers to adopt convection cells of width a ∝ ε when
ε ≪ 1, and that the constant of proportionality is around 3 when the other parameter values are
θ0 = 0.1, Ra = 107, and µ = 1.0.
Some numerical results obtained by varying Ra and ε while maintaining a = 3ε are sum-
marised in Figure 7, where we plot the Nusselt number Nu versus the Rayleigh number Ra for
various fixed values of ε; the other parameter values are fixed at θ0 = 0.1 and µ = 1.0. At these
high viscosity contrasts, Nu increases rather weakly with Ra, compared with the constant viscosity
values given in Table II. At the very smallest value of ε = 0.065 given here, we observe that Nu
reaches the value 1, implying that the flow is completely suppressed at a finite critical value of
the Rayleigh number Rac ≈ 8.6007 × 105. To obtain further support for both this switching off of
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FIG. 7. Variation of Nusselt number Nu with Rayleigh number Ra at θ0= 0.1, µ = 1.0 and various fixed values of ε. In each
case, the cell aspect ratio is a = 3ε.
the convective flow and the scaling of the cell width a with ε, we next consider a linear stability
analysis.
C. Linear stability analysis
Here, we briefly summarise a linear stability analysis which predicts the critical Rayleigh num-
ber Rac for the onset of convection and the resulting selected wavelength. It is helpful to express
governing equations (2.5) as
∇2(η∇2ψ) − 4(ηψxz)xz − 2(ηψxx)xx − 2(ηψzz)zz = RaTx,
Tt + ψxTz − ψzTx = ∇2T,
(4.3)
where ψ is the streamfunction defined by (3.2) and η is given by Eq. (2.8). The boundary conditions
are
ψ = ψzz = 0, T = 1 at z = 0,
ψ = ψzz = 0, T = θ0 at z = 1,
ψ = ψxx = 0, Tx = 0 at x = 0, a,
(4.4)
where a is the aspect ratio.
In the base state, there is no flow and a linear temperature profile, with
ψ = 0,
T0(z) = 1 − (1 − θ0)z,
η = η0(z) = exp
( (1 − θ0 − µθ0)z
ε(1 − (1 − θ0)z)
)
.
(4.5)
Now, given the values of θ0 and µ, our aim is to determine for which value of Ra this base state loses
stability, in the limit as ε → 0.
We observe from (4.5) that the viscosity is exponentially large unless z = O(ε), and we there-
fore expect the initial convection to be confined to a boundary layer near z = 0. This motivates us to
set z = εZ , where Z = O(1), and we then find that the base state viscosity is given to leading order
by
η0 ∼ eβZ +O(ε), where β = 1 − (1 + µ)θ0. (4.6)
We assume that β > 0; for our chosen parameter values θ0 = 0.1 and µ = 1.0, we have β = 0.8.
We also anticipate that the critical wavelength at the onset of convection will be of order ε and
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therefore, we linearize about base state (4.5) as follows:
ψ = f (Z) sin(kx/ε)eλt,
T = T0(z) + g(Z) cos(kx/ε)eλt,
(4.7)
where λ is the linear growth rate and k = επ/a is the scaled wavenumber.
To lowest order in ε, the perturbation functions f and g satisfy the linearised equations
f ′′′′ + 2β f ′′′ +
 
β2 − 2k2 f ′′ − 2βk2 f ′ + k2  β2 + k2 f = ε3Ra ke−βZg,
g′′ −  ε2λ + k2 g = −(1 − θ0)εk f . (4.8)
The problem may be normalized by setting
Z =
y
β
, k = βm, λ =
β2
ε2
σ, g =
β3
ε3Ram
h. (4.9)
Then, Eq. (4.8) is simplified to
f y y y y + 2 f y y y +
 
1 − 2m2 f y y − 2m2 f y + m2  1 + m2 f = e−yh,
hy y −
 
σ + m2

h = −R∗m2 f , (4.10)
where
R∗ =
(1 − θ0)ε4Ra
β4
(4.11)
and the boundary conditions are
f = f y y = h = 0 at y = 0, f ,h → 0 as y → ∞. (4.12)
One can readily verify that there are sufficient degrees of freedom to satisfy the far-field conditions
as y → ∞.
The marginal Rayleigh number for a given wavenumber is obtained by solving the ordinary
differential equations (4.10) with σ = 0, subject to boundary conditions (4.12), as an eigenvalue
problem for R∗ as a function of m. We then find that R∗ takes its minimum R∗c ≈ 20.8724 when
m = mc ≈ 0.3818. These improve the approximate values of R∗c ≈ 20.9 and mc ≈ 0.395 given by
Stengel et al.40
By reversing the scalings, we deduce that base state (4.5) becomes unstable when the Rayleigh
number exceeds a critical value
Rac ∼ R
∗
c
1 − θ0
(
β
ε
)4
. (4.13)
As this threshold is crossed, disturbances of half-wavelength
a ∼ πε
mβ
∼ 8.2284 ε
β
(4.14)
are excited.
In summary, the linear stability analysis supports our hypothesis that the preferred convection
cell width a should scale with ε when ε ≪ 1. Admittedly, the constant of proportionality predicted
by Eq. (4.14) with β = 0.8 is approximately 10.3 rather than the value 3 proposed in Sec. IV B.
However, we should not expect the critical wavelength at onset of instability necessarily to be close
to the preferred value at much larger values of the Rayleigh number. We also recall from Figure 7 that
our numerical calculations predict a critical Rayleigh number Rac ≈ 8.6007 × 105 when ε = 0.065,
while Eq. (4.13) predicts Rac ≈ 5.3 × 105. The linear stability analysis therefore produces the correct
order of magnitude for Rac despite the fact that we had used a wavelength a = 3ε rather than (4.14)
in our simulations.
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V. DISCUSSION
The results we have found have serious implications for the style of convection in the mantle
of the Earth and other terrestrial planets. For example, we earlier estimated the viscosity contrast
for the Earth’s mantle is 1050 or more, whereas for Venus and Mars, it is around 1020 and 1050,
respectively. Extreme parameter values ensure simultaneous strong temperature and pressure depen-
dences on the viscosity function and we have found the strong pressure dependence to have a
significant effect on the dynamics. Without such extreme parameter values, we are unable to
obtain a proper asymptotic structure of mantle convection for Earth and other planets. The para-
digm which has emerged over the last fifty years is one of the large scale convection cells. The
various phase transitions in the mantle, most notably that at 670 km, raised an early controversy
on layered versus whole mantle convection, one whose resolution depends on the nature of the
spinel–perovskite phase change.41 The discussion was spiced by geochemical arguments concern-
ing different long-lived mantle reservoirs,42 and this led to various cartoons concerning mantle
convection style.43,44 Nowhere has there been a suggestion that narrow convection cells might be
the preferred state; the nearest comparable suggestion is that of Parsons and McKenzie45 and Huang
et al.,38 who suggest that small scale convection in the form of transverse rolls might occur below
the lithosphere.
Our thesis is that the strong pressure dependence of mantle rheology will cause, in stagnant
lid convection, convection cells to be narrow and to be segregated into a vigorous upper cell with a
more sluggish flow below this. This might apply on Venus, for example. What implications might
there be for the Earth?
The active style of plate tectonics on the Earth, driven by the subduction of the oceanic lith-
osphere at plate boundaries, mitigates against the structure suggested here, at least in the upper
mantle. There we would suppose that the oceanic plates drive a vigorous shallow return flow on the
scale of the plates. But we suggest that the structure of the lower mantle must be similar to that
shown here. The viscosity increases, and convection takes the form of narrow sluggish fingers. The
details of how this might occur remain to be investigated.
VI. CONCLUSIONS
In this paper, we study numerically the Rayleigh-Bénard convection of a fluid whose viscosity
depends strongly upon both temperature and pressure. Our computations are facilitated by the use
of cutoff viscosity function (4.1), which allows us to access very large and previously unexplored
viscosity contrasts. This approach exploits the fact that the most extreme changes in viscosity occur
in the cold lid region where the flow velocity is essentially zero; without the cutoff, one ends up
expending the majority of the computational effort resolving this stagnant region where very little
is actually happening. By decreasing ε, we are able to study viscosity contrasts up to 1053, while
using the cutoff trick to limit the actual viscosity ratio in the computations to 106. We find that this
absolute maximum value of η achieved in the lid is unimportant: the key consequence of decreasing
ε is to enhance the sensitivity of the viscosity to variations in temperature and pressure in the bulk
flow.
We find that pressure dependence of the viscosity results in a new flow regime, shown for
example, in Figures 2(d) and 3(d), which is completely different from the flow profile when only
temperature dependence is included. Rather than a single approximately isothermal convection cell
filling the whole core, we observe a warm upper core, fed by a hot plume from the base of the cell,
and a quite distinct cooler lower core, fed by cold fluid from the lid. In the resulting flow profile,
the fluid in the bulk is neither isothermal nor isoviscous, as suggested by Fowler.46 It would be
impossible to explore computationally the extremely high viscosity contrasts needed to observe this
new flow regime without using our cutoff viscosity trick.
As ε is decreased further, a second unexpected phenomenon is observed, namely, that flow
in a single square cell becomes unstable, and instead the flow breaks up into increasingly narrow
convection cells. As shown in Figure 6, the flow structure appears self-similar if the aspect ratio of
the cell is decreased in line with ε. This observation leads us to hypothesise that the limiting flow
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structure as ε → 0 consists of convection cells of width a ∝ ε. This hypothesis is supported by a
linear stability calculation; a detailed asymptotic analysis is ongoing to provide further justification
of this hypothesis and a detailed description of the flow structures observed in our simulations.
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